We formulate a phase field crack growth model for mode III fracture in a Maxwell-type viscoelastic material. To describe viscoelastic relaxation, a field variable of viscously flowed strain is employed in addition to a displacement field and damage phase field used in the original elastic model. Unlike preceding models constructed in the mechanical engineering community, our model is based only on the generic procedure for driving (uni-directional) gradient flow system from a physically natural system energy and employ no additional assumption such as the super-imposed relations for stress and strain (and their time derivatives) valid only for linear viscoelasticity. Numerical simulations indicate that the competition between increase in deformation by applied loading and the viscoelastic relaxation determines whether a distinct crack propagation has occurred from an initial crack. Furthermore, we consider the numerical results from an energetic perspective.
Introduction
Fracture in soft polymeric materials is a subject closely related to modern industrial society and our daily life [1] . The endurance of tires is, for example, crucial for the safety of transportation infrastructures. In machine assembly, controlling the toughness of adhesive, i.e. weakly crosslinked polymers in rubbery state, is essential. In the food industry, comfortably and satisfyingly breaking polymers in paste or gel states is required [2] .
The fracture of soft polymers involves the viscoelastic effect. Thus, its analysis is outside the applicability of the typical linear elastic fracture mechanics [3] . Thus far, several experiments have been performed regarding viscoelastic effects on the fracture of soft polymers [4, 5, 6, 7] , and a variety of analytical and numerical models (primarily on the continuum scale) have been proposed to understand the experimental results [8, 9, 10, 11, 12] .
With respect to the dynamical aspect, however, most theoretical models are specialised, that is, they intend to describe the fracture behaviour of specific materials in specific conditions (e.g. steady-state crack propagation in rubbers). Meanwhile, to broaden our understanding on viscoelastic fracture, a general and flexible theoretical framework that can compile the experimental and theoretical results obtained thus far is required, similar to the time-dependent Ginzburg-Landau theory for phase transition dynamics [13] .
A potential candidate for such a framework is the phase field fracture model (PFFM) that was first proposed to describe quasi-brittle crack propagations in isotropic linear elastic materials [14, 15, 16] and subsequently extended to various materials with complex mechanics properties [17, 18, 19, 20] including viscoelastic materials [21, 22] . The PFFM introduces a field variable (damage phase field) representing the extent of damage (reduction in elasticity), and treats crack propagations as growth of a fully damaged narrow domain (with zero elastic modulus), instead of as the formation of a new crack surface. Hence, we can avoid the difficulty of free-boundary problems involving the motion of the crack tip that is a singular point of a stress field in typical continuum description. A key point of the currently interested PFFM is the employment of regularized system energy which coincides with the Griffith energy in the sharp crack limit [23] . By combining the regularized energy and additional assumptions on time evolution (employing gradient-flow system or almost alternative dissipative function), we can formulate fracture dynamics exhibiting high consistency with the classical Griffith theory.
For example, one of the present authors (T.T.) and Kimura formulated the dynamics of mode-III fracture in linear elastic materials by considering the gradient-flow system of a regularised system energy with respect to the deformation and the damage phase field [24, 25] . Their numerical results indicated that the derived time evolution equations (the gradient-flow system) could predict reasonable crack paths for complex boundary conditions. This study aims to extend the gradient-flow PFFM for linear elastic materials in [24] to the mode-III fracture in a Maxwell-type viscoelastic material. An important basis of this extension is the fact that a certain class of viscoelastic constitutive relation can be described as a gradientflow system [26] . To describe viscoelastic stress relaxation, a viscous strain is employed with the deformation field in the expression of elastic energy; a viscous strain represents the portion of the total strain flowed in a viscous manner, corresponding to a dashpot's deformation in symbolic onedimensional (1d) rheological models; see Fig. 1 .
The gradient-flow system of the energy accords with the PDEs repre-senting constitutive relations and the force balance condition. The two gradient-flow descriptions above (for crack propagation and for viscoelastic relaxation) are combined to formulate the dynamics of viscoelastic fracture. That is, we construct a system energy in terms of the out-of-plane displacement field, viscous strain field, and damage phase field, and derive a gradient-flow system as a set of time evolution equations of the three field quantities.
It is emphasised that our formulation does not rely on the superimposition principle for the strain rate and stress (and the resultant the convolutional stress-strain relation with the exponential kernel), which is distinctive to the linear viscoelasticity. This is the essential difference from the previous study [22] . Our formulation follows the typical mathematical procedure to derive the gradient system, that is, constructing the system energy with a clear physical meaning and deriving its gradient system to obtain a set of PDEs describing the time evolution of the system. It could, in principle, include geometrical and material nonlinearities in rheological constitutive relations, because of the independence of the superimposition principle.
Based on the obtained time evolution equations, we performed numerical simulations on a system with an initial crack subjected to mode-III (antiplane) loading by boundary displacement with a constant velocity. The numerical result indicates that a distinct crack growth can occur from the initial crack in a quasi-brittle manner if the loading velocity is sufficiently large. Meanwhile, for a sufficiently slow loading, the system demonstrates ductility, that is, the initial notch opens progressively without extension.
The crossover between ductile/(quasi-)brittle behaviours is caused by the competition between the increase in deformation by the boundary displacement and the viscoelastic relaxation. This is qualitatively consistent with experiments on some Maxwell-type viscoelastic liquids [27, 28, 29] , suggesting that the present simple model (describing an artificial situation of a mode-III fracture of a Maxwell-type material) can be a prototype for more detailed modelling. Additionally, we discuss our viscoelastic PFFM from an energetic viewpoint.
Model
In this section, we explain the basic concept for describing crack propagation in viscoelastic materials as a gradient-flow system. We begin by reconsid- 
and eliminating f and s e yields
Eq. (1) Next, we discuss simple 1d continuum problem, as shown in Fig. 1(b) .
The system consists of innumerous identical Maxwell elements aligned along the x-axis with spacing a. The deformations of the elements are confined in the vertical direction. In the continuum description (the limit of a → 0), the mechanical state of the system is described by the out-of-line displacement u(x, t) and the viscous strain e(x, t), i.e. the counterpart of s v (t) of the "microscopic" Maxwell elements. The time evolution of the system is determined by the constitutive relation (corresponding with eq. (2)),
and the motion equation,
where µ 1d (= ka), η 1d (= ca), ρ, and ζ 1d are the 1d shear modulus, 1d
viscosity, 1d mass density, and 1d viscous friction coefficient for the background, respectively. When the inertia term is negligible, eqs. (3) and (4) become a set of gradient-flow equations of
where
is the elastic (deformation) energy of this 1d model.
To construct a PFFM for a Maxwell-type material under mode-III loading, we consider a two-dimensional (2d) system undergoing an out-of-plane displacement u(x, t), where x = (x 1 , x 2 ) is a position vector indicating a point on the system (see Fig. 2 ). Furthermore, we introduce a phase field z(x, t) representing the damage of the system such that z = 0 corresponds to a non-damaged state and z = 1 corresponds to a completely broken state.
We assume that the total energy E of the system consists of the deformation energy E def and the damaging energy E dam : where Ω represents a 2d domain on which the model is defined, and the constants µ (N·m −1 ), γ (N), and ǫ (m) are the 2d shear modulus, 2d fracture surface energy, and a length scale regulating the singular behaviour of the deformation field, respectively (ǫ is the thickness of a diffusive fracture surface). The integral in eq. (9) measures the length of the crack in the purely elastic model [24] . It is noteworthy that in the out-of-plane problem, the strain becomes a vector quantity ∇u (where ∇ = (∂/∂x 1 , ∂/∂x 2 )); correspondingly, we introduce the viscous strain vector of e = (e 1 , e 2 ).
We employ the gradient-flow system of E as a set of time evolution equations:
where the non-negative constants α u , α e , α z are kinetic coefficients;Ȧ := ∂A/∂t and the operation (·) + := max(·, 0) ensure the irreversibility of crack growth.
The following boundary conditions are imposed for u(x, t) and z(x, t):
where g (x, t) is a given function, Γ is the boundary of Ω, and Γ D and Γ N are 12), the constants α u and α e can be identified as the friction with the background and internal viscosity, respectively. We hence denote α e as η. Although α z is of the same dimension as α e (i.e. η), its physical meaning is different:
α z can be related to the crack velocity dependence of the effective fracture energy. The details for the interpretation of α z will be reported elsewhere.
Below, we treat a special case of
and α e ≫ α z .
To investigate the energy balance of the present model, we take the time 
are the work and heart generation per unit time of the entire system, respectively.
Eq. (19) orẆ =Ė +Q indicates that the work performed to the system is partitioned to system energy and heat generation.
Numerical results
The system is a square domain Ω with side length L (i.e. x = (x 1 , x 2 ) ∈ Ω = (− L 2 , L 2 ) 2 ). An initial crack (highly damaged narrow zone) is prepared along the negative part of the x 1 -axis (see Fig. 2 ). The system is loaded by anti-symmetrical displacements on Γ D , u(x, t)| x 2 =±L/2 = ±g 0 t, where g 0 is the speed (m·s −1 ) of the boundary displacements.
For numerical simulations, we non-dimensionalise eqs. 
Eqs. (11) -(13) (with α u = 0) become
where and hereinafter we omit the "˜" over u and x and t, and "˙" and Fig. 4(c) .
These two mechanical behaviour crossover at approximatelyg 0 = 0.04. y, and t represent the non-dimensionalised quantities). Each curve in Fig.   5 shows the results for differentg 0 . For the fast deformation ofg 0 = 1, E def increases with t to achieve the maximum and subsequently reduces to zero, as shown in Fig. 5(a) . E dam starts to increase at the time (t ≈ 0.1) when E def achieves the peak and reach its plateau at the time (t ≈ 0.18) when For the slow deformation ofg 0 = 0.02, the system exhibit ductility (see also Fig. 3 ) and the energetic quantities behave in the opposite manners:
E def and E dam remain on low levels and |e| 2 increases progressively with t.
In the intermediate deformation velocity regime (g 0 = 0.05 and 0.1), E def achieves a peak corresponding to a distinct crack growth (and E dam increases correlatedly with the change of E def ) but the peak is dull and broaden. The dissipation Q in this intermediate regime increases most rapidly until the crack growth is completed, suggesting that the crack growth involves a large amount of viscous dissipation.
To view the energy balance of the system in detail, we plot the time change ofẆ ,Ė (=Ė def +Ė dam ), andQ in Fig. 6 . For the slow loading of (a)g 0 = 0.02,Ė remains, after the initial transient period with a small peak, low level (strictly,Ė slightly increases with t), whileẆ andQ increase rapidly in the initial period and subsequently reach plateau regions (the plateau ofQ is slightly sloped, corresponding to the slight increase inĖ def ).
After the appearance of the plateaus,
holds. Most of the work dissipate.
Meanwhile, for the fast loading of (c)g 0 = 1,Ẇ andĖ achieve shape peaks and subsequently reduce to zero, corresponding to the distinct crack growth. Before the crack growth is completed (t ≤ 0.18), it holds thaṫ
most of the work performed by the boundary displacement transfers into increases in the system energy, and the amount of viscous dissipation is small. The system fractures in a quasi-brittle manner.
For the intermediate loading velocity of (b)g 0 = 0.1,Ẇ andĖ exhibit peaks (that is, a distinct crack growth occurs), but the peaks are not shaped.
Before the crack growth is completed (t ≤ 0.25), W >Q ≈Ė, indicating that the system energy change is comparable to the viscous dissipation.
Discussion
As shown in Fig. 3 -6 , increasingg 0 results in the crossover of the mechanical behaviour from ductile, for which the crack propagation is inhibited by the increase in e, to quasi-brittle with a distinct crack propagation from the initial crack. Becauseg 0 = g 0 L/τ = τ T , distinct crack propagations occur when the viscoelastic relaxation time τ is sufficiently longer than the characteristic in Maxwell-type viscoelastic liquids [27] .
The non-dimensionalised equations (23)-(25) provide a more detailed insight into the crossover in the deformation behaviour. First, it is observed that the crack extension, that is, the increase in z ahead of the initial notch, is caused by the (1 − z)|∇u − e| 2 term in the r.h.s. of eq. (25).
For a very smallg 0 , Eq. (24) means ∇u − e ≈ 0 for z < 1 (the viscous strain e can follow ∇u without delay), thus nullifying the (1 − z)|∇u − e| 2 term. The deformation cannot drive the crack growth (ductility).
For a largeg 0 , meanwhile,ė ≈ 0 (i.e. e(x, t) ≈ e(x, 0) = 0) holds until |∇u| ∼ t exceedsg 0 (becauseė ∝ 1/g 0 , see Eq. (24)): viscoelastic relaxation barely occurs for a while from the onset of the boundary displacement. If values ofǫ andγ allow a sudden growth of the initial crack within the elasticity dominant period (e(x, t) ≈ 0), the fracture is essentially brittle, as in the purely elastic model in [24] .
In the present numerical condition, a crossover occurs at approximatelỹ g 0 = 0.04; however, the threshold value should depend on the relevant parameters ofγ andǫ,α z (= η/µT ).
Concluding remarks
In this study, we constructed a gradient flow PFFM for the mode-III fracture of a Maxwell-type viscoelastic material, by extending a purely elastic model [24] . In our formulation, utilising viscous strain is paramount. It allowed us to directly observe where and how viscoelastic relaxation occurs in the system, as in Figs. 3-5. More importantly, it provided a systematic method to recreate a model describing a particular type of elasticity (e.g. 3d linear elasticity and several hyperelasticities) into the corresponding viscoelastic PFFM. The procedure is straightforward: (i) Subtract the viscous strain from the total strain (the symmetrical part of the displacement gradient) and multiply the elastic constants by (1 − z) 2 in the expression of elastic energy; (ii) Construct the total energy by adding the modified elastic energy and E dam of Eq. (10); (iii) Derive the gradient-flow system of the total energy with respect to the deformation field, viscous strain, and damage phase field z. The applications of the procedure to generic 2d and 3d linear elasticities have been presented separately in [24] .
